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Abstract 

We extend Choe's idea in |Ch| to nonpolyhedral calibrated surfaces and 
give some examples of polyhedral sets over right prisms and nonpolyhedral 
calibrated surfaces. 



1 Introduction 

In |(Jh| . Choe proved "Every stationary polyhedral set is area-minimizing under 
diffcomophisms leaving the boundary fixed" . In his proof, a system of differential 
forms and orientations (of faces) was chosen at each singular edge. In fact, the 
differential forms are calibrations that calibrate the faces at each singular edge 
and have the vanishing sum. We observe that, the suitable orientations of faces 
at each singular edge determine the same orientation on it whenever it lies on 
the boundary of faces. 

By the above observation, we extend Choe's idea by proving a sufficient 
condition for certain sets of calibrated surfaces (including polyhedral sets) to 
be area-minimizing under diffeomophisms leaving the boundary fixed. This 
sufficient condition, when applies to polyhedral sets, is also necessary. 

We give some more examples of polyhedral sets over right prisms and first 
examples of nonpolyhedral calibrated surfaces (2-dimensional ones with singular 
sets of dimension 1 in R 4 ). 
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2 The theorem 

We refer the readers to [ChJ for the definition of polyhedral sets. 

Let {Ci]i £ i be a set of calibrated surfaces of dimension m in R n (m < n) and 
{u)i}i e i be the set of correspondent calibrations. That means for each i G I, Wi 
calibrates Cj with a suitable orientation. Note that if tOi calibrates Cj, then — u>i 
calibrates Cj with opposite orientation. Depending on a chosen orientation on 
Cj we have the corespondent calibration to be uji or — Wj. 

Let S C M ra be a set satisfies the following conditions: 

(i) S c Uie/Q, 

(ii) the set £ = Sfl (C, n Cj) is of dimension m — 1 for every i,j G I,i ^ j. 
We call each F{ — E n Cj a face, each E a singular edge, the union of all 

singular edges E the singular set S, the closure of dFi ~ S the boundary edge 
of E in Fj, the union Uj e j(9-Fj ~ 5) the boundary 5E of E. 

E is said to be area-minimizing under diffeomorphisms leaving the boundary 
fixed if 

Vol(E) < Vol(cp(E)), 

for any diffeomorphism (p of W 1 leaving the boundary of E fixed. 

Suppose {Ej}j e j is the set of all singular edges and {Fi}i^i is the set of all 
faces of E. Denote 

I Ej ={t:F z D E 3 } C I, 
J Fi - {j : Ej C Fi} C J. 

Theorem 2.1 Let E be a set defined as above. Suppose that every singular edge 
Ej lies on the boundary dFi , Vi 6 Tg. and /or eac/i Fj we can choose suitable 
orientations on Fi,Vi G Jr., smc/i f/iat: 

fjj i/ie orientations on Fi,\/i G /g. determine the same orientation on Ej, 

(ii) the corespondent calibrations have vanishing sum. 
Then E is area-minimizing under diffeomorphisms leaving <9E fixed. 

Proof. The reasonings of the proof are very similar as that of the main 
theorem in |Chj with some little changes. 

Let (p be a diffeomorphism leaving <9£ fixed and ip t be the homotopy from 
the identity to ip. Suppose Gj is the m-dimensional smooth surface swept out 
by ipt(Ej) and Di is (m + l)-dimensional surface swept out by (ft(Fi). We have 

9 A = Fi U (p(Fi) U je Jf . Gj, 
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and hence 

Since w\ is a calibration that calibrates Fi, we get the following inequality: 



Vol(Fi) < Vol(cp(Fi)) - V / 



and finally 



G, 



Vol(V)<Vol(cp(Z))-J2 E / 



G, 



By virtue of the assumtions of the theorem, we can assume the orientations 
on -Fi, Vi E /_Ej , determine the same orientation on Gj and since ^2 i€ j E Wi — 0, 
the last term equals zero. The theorem is proved. 

Corollary 2.2 Let Yi be a polyhedral set. Then £ is area-minimizing under 
diffeomorphisms leaving dYi fixed if and only if E satisfies the assumptions in 
the Theorem \2.1\ 

Proof. The sufficiency follows from the above theorem and the necessity follows 
from the proof of the main theorem in |Ch| . 



3 Examples 

1. At Ken Brakke's homepage, http://www.susqu.edU/facstaff/b/brakke/, we 
can see eight nice polyhedral cones, that are made of flat sheets meeting along 
triple lines with an equal angle 120°. All of them arc area-minimizing under 
diffeomophisms leaving the boundary fixed by virtue of Theorem 12 .11 Figures 1 
provide more three polyhedral sets over right prisms. 

2. Below are examples of nonpolyhedral calibrated surfaces that is area- 
minimizing under diffeomophisms leaving the boundary fixed. 

Let C 2 = M 4 be complex plane with the standard complex structure J\, 
J\e\ = e 3 ; Jie 2 = e 4 . 

Let i?2, R3, ■ ■ ■ , R n be the rotations of angles a,2a, . . . , (n — l)a about the 
plane {X3 = X4 = 0}, respectively, where a satisfies the condition na = n E 
N. And let J2, J3,..., J n be (n — 1) complex structures on R 4 induced by 

^2 1 R3 > • • • j Rn ; 

Ji(e%) = Ri(e 3 ), Ji(e 2 ) = i?i(e 4 ); i = 2, 3, ...,n. 

Denote W\, w^, . . . , w n the Kahler forms correspondent to J%, J2, . . . , J n . We 
can easily to see that: 

n 

E w i = °- 

i=l 
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Figure 1: Polyhedral sets over right prisms. 

Consider the complex curves: 

C={{z,w) 6 C 2 : z = w 2 } 

= {(x 1 ,X2,X3,x 4 ) : x 2 = xl~xl; x 4 = 2xix 3 }. 

Let D be the intersection of C and {X};=i x \ — ^\ x \ > 0;x3 > 0}. Note 
that D contains two planar curves {x2 = x\\ x% — x± — 0; x\ + x\ < 1; x\ > 0}, 
and {x2 — —x 2 ; x\ = X4 = Q;x\ + x\ < 1;X3 > 0}. By using the rotations 
of angles ka, k = 1, 2. . . . , n — 1 about the plane {£3 = £4 = 0} we get the 
images Di (i = 2, 3, . . . , n) of £>. Obviously, Wi calibrates D and Wi calibrates 
Di, i = 2, 3, . . .n. 

The set £ = Z? (J 1?^ contains one singular edge and is area-minimizing under 
diffeomophisms leaving the boundary fixed by virtue of Theorem l2.ll 

Similarly, by using the rotations of angles k/3, k — 1, 2. . . . , m — 1; m/3 = 2n 
about the plane {x\ = X4 = 0}, we get the images Dj (j = 2, 3, ... , m) of D 
and the images Sj (J = 2, 3, . . . , m) of S. 

The set D 1J Di [j Dj contains two singular edges. The set £' = S |J Ej 
contains many singular edges. By the same reasoning as above, they are also 
area-minimizing under diffeomophisms leaving the boundary fixed. 
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